
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



198 MATHEMATICS: J. L. SYNGE Proc. N. A. S. 

PRINCIPAL DIRECTIONS IN A RIEMANNIAN SPACE 

By J. 1>. Syngb 

DepartmS^tt of Mathematics, University of Toronto 

Communicated, May 23, 1922 

1. A type of principal directions for a Riemannian space of N dimen- 
sions has been defined by Ricci (Atti R. 1st. Veneto, 63, p. 1233). Four 
distinct types are defined in the present paper, of which one is identical 
with that of Ricci, although defined in a manner somewhat more simple. 

We shall adopt the common convention of summation with respect to 
any index occurring twice in a product, except where the index is a capital 
letter. The manifold under consideration is of N dimensions; the small 
Roman indices imply a range or summation from 1 to N, the small Greek 
indices from 1 to N—1. The line element being given by 

we define in the usual manner 

<^— |[:]-4[:]+^1[:i:]-[:][:]}<"' 

G„s — g Gmn.st (1-2) 

G = g"^ G„s- 

The word "surface" will be used to denote any (iV—1) -space immersed 
in the given N-space. 

2. Directions defined by invariant relations may be termed principal. 
Any invariant function of direction will, in general, yield such principal 
directions, corresponding to stationary values of the function. The follow- 
ing are types of principal directions : — 

Type I: Consider the family of surfaces, G = constant. Its orthog- 
onal trajectories constitute principal directions; their equations are 

|^=9foi. (5 = 1,,.. ,iV) (2.1) 

OXs 

where the point denotes differentiation with respect to the arc. Now, 
for any direction, 

— ■ ■ — aXs dxi 
■ ^ bx, dx, 

gst dxs dxt 
therefore directions making G^ stationary satisfy 

dxt = (j>gsi dxt (s = I, ...,N) 

OXs OXt 
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or 

■~~ G = (pgst xt (s = 1, . ..,N). 

OXs 

But these are of the same form as (2.1), writing OG = 4>> and hence the 
type of principal direction defined above is that for which G'^, and con- 
sequently G, is stationary. 

Type II: Consider a point (P) and a geodesic passing through it. Along 
this geodesic 

— \x ■■ 

This quantity is a function of direction at P, and the principal directions, 
corresponding to stationary values, are given by 



G = r-- <^ ^ :r- \XsXf 






dxt = eg,i dxt (s = 1, ...,N). (2.2) 



Type III: The expression G^tXsXt is invariant for any given direction. 
Principal directions, corresponding to stationary values, are given by 

Gst dxt = dgstdxt (s = 1, ...,N). (2.3) 

Eisenhart (Proc. N. A. S., Vol. 8, No. 2, p. 24) has shown that the prin- 
cipal directions of Ricci (loc. cit.) may be expressed in this form. These 
directions may also be reached from other considerations. Any direction 
at a point (P) defines a surface consisting of all geodesies passing through 
P and perpendicular to the given direction. The curvature invariant 
{G) of this .surface at P depends only on the given direction. Those 
directions making G stationary are principal directions: they may be 
proved to be identical with those considered above. 
Type IV: The expression 

t"t''g''"G,,s..s,sG,,^,/x;x, (2.4) 

is invariant for any given direction. Principal directions, corresponding 
to stationary values, are given by 

t" /* t" Gs,s.,sss Gm,_u dxt = dgst dx, (5=1,... ,N). (2.5) 

The four types defined above are not intended to be exhaustive of all 
types of principal directions. Type II, for example, will give principal 
directions if any other invariant function of position is substituted for 
G. I/Ct us suppose that the expression (2.4) has the same value for all 
directions at any given point, but varies from point to point. The prin- 
cipal directions of Type IV are then indeterminate, but (2.4) is an in- 
variant function of position and may therefore be substituted in (2.2) 
to yield principal directions. 
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3. In order to prove certain theorems concerning the principal directions 
defined above, we shall require particular coordinate systems. A system 
of coSrdinates will be said to be "O.T.{xn)" if the parametric lines of X;^ 
are the orthogonal trajectories of the family of surfaces x^ — constant. 
The necessary and sufficient conditions for an O.T.{xtf) system are easily 
seen to be 

giv. = {a = 1, ...,N-1). (3.1) 

A special type of O.T.(a;2v) system is the "G.O.T.{xif)" system for which 
the parametric lines of x^ are geodesies. The equations of a geodesic are 

'is + < > im in = (S -= 1, . . . , N) 

or 

gst ^ + M x„x„ = (5=1,..., N). (3.2) 

The coordinate system being O.T.{xjf), the parametric lines of Xj^ satisfy 
(3.2) if, and only if. 



n 



(<r=l, ...,N-1) 
L cr J 

and 



- , rNN-, -2 ^ 

gNNXN+ , I a^AT = 0. 



ny- 



The latter equation is always satisfied for the parametric lines of x^, by 
virtue of the equation 

SnnXn = 1; 
the former are equivalent to 



bx<T 



= {a=l,...,N-l). 



Hence we have, as necessary and sufficient conditions for a G.O.T. 
(xj^) system, 

giv. = 0,^ = (cr.= 1, ...,iV-l). (3.3) 

If we are given an oo i family of surfaces, we can find an O.T.(xn) system 
for which the family is given by x^ = constant. If we are given a single 
smrface and draw the congruence of geodesies normal to it, it follows from 
the Calculus of Variations that this is a normal congruence, and that any 
two of the normal surfaces give equal intercepts on all the geodesies. 
Taking these geodesies as parametric lines of Xj^ and taking xi^ as the dis- 
tance measured along these geodesies from the given surface, we have a 



Vol,. 8, 1922 MATHEMATICS: J. L. SYNGE 201 

G.O.T.(a;jvr) system for which the given surface has the equation xif = 0, 
and gNN = 1 throughout the manifold (of. Bianchi, Vol. I, p. 336). 

4. A "plane" surface — ^the "superficie geodetiche" of Ricci {Atti R. 
Ace. Lincei, Ser. 5, Vol. 12, p. 409)— may be defined as one whose geodesies 
are also geodesies of the containing manifold. Let us choose an O.T. 
{xn) system for which a certain plane surface has the equation x^ = 0. 
The line element of the surface is given by 

' ds"^ = g^vdx^dx^ 
and the equations of its geodesies are, in the form of (3.2), 





g„^r+ X^X, = 

_ <r J 


(4.1) 




Xn = 0; 


(4.2) 


for such £ 


I curve we find, for <r = 1, . . ., N—1, 






■• , rmnl ■ ■ ... fup 

g,rtXt + X^X„ = g^^Xr + 


x^x„ by (4.2), 


also 


= 0, . 


by (4.1); 




■• , rmnl • ■ fuv' . . 
■ gmXt + x„x„ = x^x,., 


by (3.1) and (4.2). 




- - ^ ^^"^ X 


i, by (3.1). 



From the definition of a plane surface and by (3.2), this latter quantity 
must vanish for aU arbitrary directions in the surface. Therefore we 
must have, at all points of the surface, 

, ^' = i„,y= 1, ...,iV-l). (4.3) 

OXn 

If we are given a plane surface and choose a Q.O.T.(xf^) system for which 
the equation of the surface is x^ - 0, and g^N = 1. then, at any point of 
the surface, (3.3) and (4.3) hold. Applying these conditions for the 
reduction of (1.1) and (1.2), we find that at any point of the surface 

GN...t = (v,(r,t = 1, ...,N-1) (4.4) 

Giv, = (<T = 1, ...,N-1) (4.5) 

5. Theorem: The direetion of Type I is contained in those of Type II if, 
■and only if, the lines of Type I are geodefic. In order to establish this 
theorem we shall employ an O.T.(xiv) sy|iiem for which the surface G = 
constant have the equations Xj^r = constant. The principal directions 
of Type I are then given by 

dx/= (ff = 1, ...,N-1); (5.1) 
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those of Type II by 

lox^oxi. [m) Ox^J 

r d^G iNt) ^Gl,., 

[OXnOXi { m ) ox„\ 

Applying the conditions, 



(5.2) 



gNT = 0, 



2iG 

'i>x„ 



= 



((r = 1, ...,iV-l) 



to (5.2), we obtain 



i ^n ^ dx, = eg^^dx^ (<7 = 1, . ..,N-\) 

\NJ dxN 



(ixfr 



d^N - -l ^A dXt = dgNNdXN. 

\N j bXN 



(5.3) 



It is easily seen that (3.1) imply g^" = (<t = 1, . . ., N—1); employing- 
these equations we find 



&f 



dxt 



1 „NN ^gNN ^„ „ 1 „NN ^g^r ^^^ ((7 = 1, 



dx\r — 
^x. 2 



i>XA 



■ ,N-1) 



i^^idx,^- g'^^ ^-^ dXrj + 1 g^^ ^S^ dXr. 

\N f 2 - ^ ^ 



bx 



bxr 



Hence (5.3) become 

_ 1 ^NN t)G /C>gNN 

2' 



PJM dxn - ^ dx.) = 
d«iv \ bx^ bx]^ J 



{bxlf 2 



bG bg 



NN^ 



dxN 



Bg„rdx, (<r= 1, ...,N-1) 
1 jviv bG bgNN 



2 " bxi^ bxjv / 2 " bxff bx^ 



dx^ = dgNN dX]si. 



(5.4) 



Since we hypothesize that the Type I direction is determinate, 

bG 



bxjf 



4^0; 



therefore (5.4) are satisfied by (5.1) if, and only if, 

^gNN 



bx„ 







(<7 = 1, ...,N~1). 



But, the coordinate system being O.T.(xn), these conditions are necessary 
and sufiicient that the parametric lines of x^ shall be geodesic, by (3.3). 
Therefore 'the theorem is estabhshed. 

6. Theorem: If there exists a plane surface, its normal direction is a 
principal direction of both Type III and Type IV. Let us employ a G.O.T . 
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(a; at) system for which the equation of the plane surface is Xu = 0, and 
&NN — !• Since (3.3) and (4.5) hold at all points of the surface, the equa- 
tions (2.3) for the directions of Type III become 

G^.dXr = Bg„rdx^ (o- = 1, . . ., A^'-l) \ .^ ^. 

G^Ndxff = 6gNN<ixM f 

These equations are satisfied by dx„ = (<r = 1, . . ., N—1), which is 
the direction normal to the plane surface, and thus the theorem is es- 
tablished for Type III. This part of the theorem has also been proved 
by Ricci {Atti R. 1st. Ven. loc. cit.). 

By (3.3) the equations (2.5) for the directions of Type IV become 

/"' t' g'* G..«,«. Gt,t.Mi d^i = H.rdXr (<T = 1, . . . , iV- 1) (6.2) 
t''e''g''"G,,,,,s^NGm,udx^ = egNj^dxN. (6.3) 

Let us consider the surviving terms in the left hand sides of these equa- 
tions, the relations effecting reductions being from (3.3), 

^"^' = (<r = 1, ...,N-l); 

from the well known properties of the tensor-components, 

Gnnm ~ 0' Gst,NN — {s,t = 1, .. ., N); 

while from (4.4) we see that any tensor-component vanishes if one and 
only one of its indices is N. In (6.2), if t — N, then either ti or fe must 
be A^. Therefore either si or s^ must be N; therefore $$ must be N. Hence 
ts — A', and the second tensor vanishes. Therefore there are no surviving 
terms in (6.2) for which t = N, and (6.2) may be written 

A,,dXr = dg^^dxr (<r = 1, . . ., A/--1). (6.4) 

In (6.3) either Si or Si must be N. Therefore either h or fe must be A^; 
therefore either ta or t must be N. But if k = N, then Sg = N and the 
term vanishes. Therefore fe ± N, and the only surviving term is that- 
for which t = N. Thus (6.3) may be written 

Bdx^ = 0gNNdxisf. (6.5) 

But (6.4) and (6.5) are satisfied simultaneously by dx^ = (o- = 1, . . ., 
N — 1) and thus the theorem is proved. 

In the case N = 2, the directions of Types III and IV become indeter- 
niinate, since through any point we can draw a "plane surface" (in this 
case a geodesic curve) so that its normal may have any arbitrarily as- 
signed direction. 



